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A Dirac particle in a time-varying magnetic field
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Abstract. A Dirac particle interaction with a uniform magnetic field B suddenly (by leaps)
changing in time is ¢onsidered theoretically. Characteristic features of the switching-on and
switching-off processes are derived; in particular, it is shown that after switchings there is
no spin flip if the component of the kinetic momentum along the field is equal to zero.
Generalizations to more than one switching are presented. Various results of calculations
of the switching process from B;#0 to B, #0 are also presented. Limiting non-relativistic
and ultrarelativistic cases are discussed. In the non-relativistic case, derived equations trans-
form to earclier known results. Difficulties of the one-particle interpretation are shown. Some
new results of the non-relativistic case are given in an appendix,

In {1] a non-relativistic spinless particle in a magnetic field suddenly (by leaps) changing
in time was considered theoretically. Direct matching of the wavefunctions before and
after switchings was utilized for deriving characteristic features of such processest. Here
we want to extend this investigation to a relativistic case; namely, we will solve a Dirac
equation with a magnetic field suddenly changing in time. Exact solutions of the one-
particle Dirac equation in miscellaneous configurations are of great theoretical interest,
and various approaches to these problems have been proposed, one of the most promis-
ing being the algebraic method of separation of variables proposed in [3] and developed
in [4]. As was stressed in [1], in our arrangement at the times of switching, an infinitely
strong electric field is induced, and, therefore, the processes of creation and destruction
of particles play important roles. However, we will neglect these phenomena and will
confine our considerations to the one-particle theory only. Also, as will be shown below,
for very strong magnetic fields the Dirac equation does not hold. This is due to the
wavepacket localization in strong fields in a region of space comparable with the
Compton wavelength.

Let us start by considering the situation when a magnetic field B=(0, 0, B) is sud-
denly switched on at the time r=0: B(¢)=Bh(t}, where k(¢) is the Heaviside step
function. We choose the vector potential in the following Landau gauge: 4 =(0, Bx, 0).
At ¢t <0 the particle is described by the wavefunction

R i
Y(x,y,z, )= -1 t) exp (5 (Pl — Xo0) + ¥ +p22))¢s

i
2zhy P ( %
(s=—1or+1) (1)

T See also {2] where, among others, one particular result of {1] was obtained for a harmonic oscillator using
the theory of explicitly time-dependent invariants.
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R+ mge®
1 0
B R Rt ) (2a)
T ARRIm)| P
c(pxtipy)
0
| R+m0c2
S R RR T : 2b
- S2R(R+mecd) | c(ps—ipy) (20)
~ep.

where R= R(p., p,. p.) = +./mic* + 0t + Ppi+ ¢, xo=p,/eB and my is the rest mass
of the particle. It is easy to check that bispinors @, satisfy the orthonormality condition:

07 Qo= .

After switching, one gets superposition of the relativistic magnetic states [5]:

W(x, y,2,0)= —}[—gexp( (pyy+p-z)) ZO Z. Covng 3 (%) exp (—ﬁ svnt) 3)

(&s1nt mocz) ve(re, (X—Xo)/g)
1 0

(M =
D(x)= 4
wen ) V28 41(Es1aF M0c?) P:0nr, (X~ Xo)/T5) )
—i/ 20t 1 (i, (X %0)/75)
0
1 (&-1n+ moc?)0u(ra, (X X0)/15)
x n(x) - 4b
: \/za—lu(g-ln'{"’"ﬂcj) l\/z(n'!"].)}ﬂgfzﬁﬂ)gﬂn.m(rg, (x XQ)/F‘B) ( )
—cp:vu(ra, (x—x0)/r5)
Eun=+ \/mﬁc“-l-czpf-i-muczﬁmg(?n+ 1-v) (5
- 1 52 6
Un(rﬂ:g)_]r”‘r‘laﬂ\/zn—e p n(é) ( )
where rg=1/%/eB, wz=eB/my, and H,(&) are Hermite polynomials.
The functions ¥ satisfy the equation
o
j x(vﬁ:rxwf d-x 8vv Snn (7)

=0

The factors | C;,,|* are probabilities of a finding particle in the magnetic state |, v,
and

o

T Y |GCul*=1 s=:1. ®)

nm vakl
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Similar to [1], matching the wavefunction at 1=0, one obtains an expression for
CSVR:

Cova= j 290" o, exp (épx(x —-‘Co)) dx. &)

—c0
Four possible cases of s and v are given below:

@) s=+1, v=-+1,

m

i
2/ R(R+moc?) 1 14( 841+ 0"

x [(.R'|"??’l9€2)(€+[,,+fnocz)ﬁn+czpfﬂn+ AnC'_Pxﬁn- t + iAncpyﬁn— 1 ] (1061)
(ii} s=+1, v=—1,

C+l,+],n=

i"ep. .
C —la= (An'f' ﬁn +Cpxﬁn—'wp ﬁn) (IOb)
e N.R(R‘f'fﬂgfz)ﬁ—]n(g—]n+m0c2) ! ’

(iii) s=-1, v=-1,

Hl

1
ZN/R(R + 1266°) 1l £ 1 F 110E7)
F+ A, 10D Brs 1 Fidaaacp B 1] (10¢c)
(iv) s=—1, v=+1,

(R + 110c?) (& 10+ moc™) B+ 03B

Coi-1p=

i"ep. .
Coi 1™ (Anﬁn— +epfBa—icp,fn) (10d)
! 2\/R(R+mgc2)£+|,,(£+1,,+moc2) : g

with

12 2
g, )=} L p|-1(r= s
ﬁ"=ﬁ”(rx"") (ﬁ) z’/‘*\/z"_mexp{ 2(hp*)]H"(ﬁP”) (1)
A,,=\/2nmgczﬁ0}3. (12)

It is immediately seen from equations { L0} that there is no spin flip if the component
of the kinetic momentum along the field is equal to zero:

Copn(p:=0)=0 S#S. (13)

It follows from equations {104) and (104) that in the non-relativistic case there is also
no spin flip. This justifies our neglect of spin in [I]. And. obviously, equations (10z)
and {10¢) transform in this case into equation (6) of {1].

Since the magnetic field acts perpendicularly to its direction, the most interesting
case is when the y- and z-components of the kinetic momentum are zero. In this case

S (= (e (o= (o O
| Cosn(p:=py Ol 4[\/(1+ R I+ Esn Bat l R : Esn e

s=x£I. (14)
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Once again we see that in the non-relativistic case (&,,, Rxnc’), equation {14) trans-
forms to the result obtained earlier {1]:

| Coonl p==py =0; &y, Rremyc®)|* = B2 s==+1, (15)

In the opposite ultrarelativistic case (&,.,, R>»>nc’) one gets
2
n + n-=s
| Con(p =y =05 £umy R> )= (%) s=xl. (16)

1t is well known [6, 7] that at strong fields the one-particle interpretation of the Dirac
equation faces enormous difficulties. These difficulties will be shown below,
It is easy to get a value for the average z-component of the spin (o), after switching:

w0 2
<G:>3=§ E I:I Cs.+l.n|2(1 - A )
2.5,

3
Extnl Ex1nt M6C”)

2
_le.—l,nlz(] _—éﬂjﬂ_-_)] (17)

s-,,,(s_;,,+mgc2)

It is seen that in the non-relativistic case

{a:=5(%/2) s==l (18a)
as would be expected, and in the ulirarelativistic case
{o:p:=0. (185)

Let us now consider the solution of the problem when the magnetic field B is
switched off at t=0: B(f) = Bh(—¢). The wavefunctions are, at t <0,

1 i i
‘{":m exp (% (Pyy +P=Z))2.’Lfnn eip (_g Sﬂmt) (]9)
at;d, at >0,
Y= 1 ex (l (py+ z))
(2nﬁ)3/2 P 5 Dyy T P
0 .
i . R
X z «D,r,um(Px) eXp (_p.t(x _xo)) exp (_1 - t) @s dp.r (20)
s=zf J_ ﬁ ﬁ
1 “ i
Dom(p)= e j_m @ Zom €XD (-pr(x— xo)) dx. (1
Dy, p) should obey the normalization condition:
Z iDspm(px)izdpx=] ﬂ=:’:1 m=0, I,.. . (22)
s=il & Ly

Comparison of equations (9} and (21} shows that
Diyn=Ch. (23)
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In the non-relativistic case, the integration in equation (20) with D,,. given by
equation (21) may be performed in the closed form (see the appendix). However, at
relativistic speeds there is no analytical expression for integrals in equation (20) in the
literature [8-12].

Now we want to discuss the difficulties of the one-particle interpretation mentioned
above. In the ultrarelativistic case (and p,=0)

2
+ 8,
ID.umlz___(ﬁm ﬂm s) S=:f:1
2
with B, given by (I1). Using the properties of Hermite polynomials, one gets

o0
Z J. |Ds‘sm(Px)l2 dp.x= % #1. (24)
PEETS .

Obviously, this is due to the negative energy states, which in the case &,,. R mye’
are of the same order as states with positive energies. Therefore, in the ultrarelativistic
case after switchings one should take into account in equations (3) and (20) states with
both positive (R, €,,) and negative (- R, —¢,,) energies. Equations (8) and (22) which
are exact at the non-relativistic speeds (&,,, R xmqc”), are violated in the ultrarelativistic
case (&,., R>»>mgc?). The larger the violation, the larger the probability of finding a
particle in the state with negative energy. As is seen from equation (24), in the ultrarela-
tivistic case the probability of finding a particle in the state with negative energy equals
that for the states with positive energy. From a physical point of view, these transitions
to negative energies are easily explained ; namely, the electric field induced at the switch-
ing moments helps the particle to tunnel through the energy gap between states with
different signs of the energy. These difficulties are similar to the Zitterbewegung or
Klein paradox [6, 7].

In the same way, solutions are built for the case of more than one switching,
For instance, if the magnetic field is switched on at t=0 and switched off at (=T
(B()= B{h($) — h{t— T))), then the wavefunction at 7> T ist

exp(lﬁ(pyy+p.~2)) Y j Cus(ps, P5)

p==l

i
(rh)?

X exp (% p;(x-xo)) exp (—i 5“35";——”-3’—) t)% dp! (25)

with ¢, given by equations (2} with replacement of p, by p..C..(p«, pL) are expressed as

-R 'a 1 Mz, it ' 1
Cm(Px,P:':)=eXP(IMT)Z T Com(2)Chin(pl)exp (—%-sw,:r) (26)

ﬁ n=0 v=2z=%1i
and
|C.us(Px:P:’c)|2= Z Z Covn(Px) C;"n'(PI)C:vn(P; )C}JV'H'(P:C)

na'=0 yv' ==
X exp (—% {(evn— &w)T ) (27)

t Obviously, after several switchings, transitions to the negative energy states are also possible. The probability
of such a process for the uniform (non-space-dependent) vector potential 4 is described, for example, in
[£3].
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If the magnetic field is switched off at +=0 and switched on again at =T
(B(1)= B(h(—t) + h{(t— T))), then the wavefunction at f <0 is expressed by equation (19),
at 0 <t < T by equation {20), and at ¢> T by

1 i i i
¥(x, ¥, 2, 1) =57 &P (-ﬁ- (py +p=2))"§0 V_Z*. Comum ' €XP (-é evnt) (28)
with
E 2 [Cvnp:r|!2=] p=:':1 m=0, 1,... (29)

H=0 y=d|

i = R
Coum = €XP (E s.,,,T) Y f Covn( s )Cohiml Px) Xp (—1 % t) dp;. 30

s=k] —co

In the non-relativistic case, equations (26), (27) and (30) transform to the corresponding
equations {19}, (20) and (234) in [1]t. Comparison of equations (26) and (30) shows a
simple way for constructing solutions for the case of more than two switchings.

The next problem we want to tackle is the process in which the magnetic feld is sudd-
enly changing from B, # 0 to B, #0. In this case the initial wavefanction is

1 i i
=5 —exp (E (P +p=2))x£'#. exp (~ p Sﬁl&t) - an

After switching (2 > 0) one gets

b 4 =ﬁ exp (% (py+ PzZ)) éﬂ VEZ*I Comim ' €Xp (‘“';; e ) (32)
Here
(et moe)uy(ry, (x=x;)/1))
2 %u(x)= ot (8;2" T ) D041y, (?C"“xj)/ ;) (33
—IA 0,1 (1, (x = 2)/7)
0
20 ()= 1 (690 + mocYulry, (x—x,)/1)) (335)

S2E0 (DA me) | 880010, (k= 2)/1)
"‘CP:Un(rj: (x - )/rf)

AV = [2nme i, W)= 4 e’ + Ept + moc B, 20+ 1 — v)

rj=(ﬁ/ij)'f2 x;=py/ij mj=EBj/m0 j= la 2,

T There are misprints in equations (19), (23a), (245) and (36) in [1]; namely, terms in the first exponents in
these equations should have positive signs.
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Similar to the previous cases

Y ¥ [Comnt’=1 ==+l m=0,1,....

n=Q yed]
Matching solutions, one obtains
Cvrmm(B2 P BI) = J‘ xs;znrxﬂ):: dx,
For four cases we get:
() u=+1,v=+I,
1

C+l ) +l,m=
2/ €Rn( et moc®) 4280+ mgc?)

X((S g +mo€‘ )(5+In+7noc'2)amn+czp amn A(Z)A:::)an | = I)

(i) p=+1,v=—1,

icp,

(ﬁf,: )an,m“ 1 Afrz-?- 185+ l,m)
2/ (Tt M) S, + o)

C—l.n,+].m =

(i) p=~1,v=-
1
2/ €8+ moc®) €D 650, + 110C?)

C— La—lm =

x((s-gm+m()c )(8(2 +m062)anm+cpzamn Aftz-I!]Arn+lan+l.m+l)
(iViu=-1,v=+1,

icp,
2 2 2 1 1
2./ &Ru(eC + moc®) €} €83+ 1110c%)

Cll-!,n,—l,m

2
x (Am+lau,m+ 1 _AE: )an—l.m)-

i = G B2, By) are known from the non-relativistic case [1]:

Crn( B2, Bl)=Jm OalF2, (X —22) /1) 0Py, (X—20)/1y) dx

=exp (—i X1 X2 \/(B VBB
!

2 r (BJ+Bz)\/B|Bz +Bz)2"+'"_’n!m!

A T
B+ B, By+ B Par Y FAY B,

X(l—é)’cizﬂm k( x, B "Bz)H" k( XZ B ""B;)
By Y B+ B, N B;+ B

5007

(34)

(35)

(36a)

(365)

(36¢)

(364)

(37)
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Once again it is seen that there is no spin flip (i) at p.=0 and (ii} in the non-
relativistic case:

Convm (P: =0)=0 vEY (38(1)
Can’m(EVn y By mocz) =0 v 5& V. (385)

And, of course, in the non-relativistic case, equations (36a) and (36¢) transform to the
corresponding expression (31) in {1]:

Cvnv’m = anm&vv' . (39)
At p,=0 it follows from equations (35a) and (35¢) that

1 ¢ Bl
om0y [/ (1475 )1+ o
2
H!(;.C2 m0c2
(-2 -2 | o

A clear analogy with equation (14) is seen. Therefore, for the case B, #0, B,#0 all
properties discussed above will be valid also; namely, in the non-relativistic case,

l Cvn vml 1= aim (400)

and for the ultrarelativistic case

z
amn+ &y v,m—v)

| C"Hﬂ-’)ﬂl2 = (
2

(40b)

As a final example, we consider the situation where B, =—B,=B. The wavefunction
at 1 <0 is expressed by equation (19), and at ¢>0 it is

1 i = i
¥(x, y, z, t)——-eXP( (pyy+pz2)) T T Commpti (x) exp (—-— .s,,,z) (41)
2xkh n=0 vkl i
with ¥'2(x) being expressed by equations (4) with the opposite sign of xy. Cypun are
o0
C.m,m=f 2" xR dx. (42)
—oD

(i) uy=+1, v=+1,

1
2\/£+ln(£+ln+mﬂcz)£+lm(£+lm+m0c2)

C. 1,41 —

X ((E41m+ 1) (Ex1n+ 10 pm+ 0 i+ B L 1 =1) (42a)
Qi) g=+1, v=—I,

icp,
Cornsim= Amrrz w=1 " B e 1 m 42b
fr 2 e 15(Eo1nF 167) E4 1l € 1o + 1EpCT) ¢ t=deeilnr1m) (426)
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(i) g=—1, v=—1,
i
2\/8_;"(8_1,,+m0|:'2)£_1,,,(€_,,,,+m062)
X (&= 1+ M) 61w+ M) + P pnt A 1At (Tt 1ms1) (420
v) u=-1, v=+1,

C—l,n,— Lm=

icp.
C. =l (Am-t- Irn,m+l - Anrn— 1 ) (42d)
* l,, 2\/€+lu(€+ln+mocz)e—lm(e—-!m'i"mocz) r”"

and [1]

rnm = J - Un(r39 (JC'I' xO)/rB)UM(rB’ (x _XD)/I'B) dx

o
1 H—m
o ()

2 ! ¥g l'23
X
2’"‘"% (f—‘l) Ly (2 —2") m>n.
' \Fg re

L7( &) are Laguerre polynomials.
From the properties of I, [1], it follows that at p,=0 there are no transitions:

C\m,um(py = O) = 5\';1 é‘mn . (44)

This is explained by the fact that although relativistic considerations taking into account
spin effects remove the degeneracy of the magnetic levels with respect to the field
direction, some degeneracy remains: states |#, 7> and (r—1, | > have the same energy
(see equation (5}).

Expressions for several switchings from one non-zero field to another are easily
derived analogously to the procedure discussed above and in [1].

In conclusion, the non-relativistic treatment of [1] has been extended in the present
paper to a theoretical investigation of a Dirac particle interaction with a magnetic fieid
suddenly changing in time; its characteristic features have been defined and the draw-
backs of the one-particle interpretation pointed out. The next obvious step is to over-
come these difficulties. However, this is a subject for special consideration.
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Appendix

We want to discuss here one interesting result of the switching-off procedure in the
non-relativistic case which escaped our attention in [1]. If R, £, & moc’, then equations
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(20) and (21) transform to equations (A1) and (A2), respectively (we write the depend-
ence on the variables x and ¢ only),

J- D(ps) exp (%p,(x—xo)) exp (-—i Z::z:?i t) dp. (Al)

Y(x, 1)= W

Du(p) =(=1)"Bm (’fp) (A2)

which are similar to equations (15) and (16) of [1].
Substituting equation (A2) into equation {Al) and calculating the integral
[9, 11, 1211, one gets

" 1 (~1 +ico3:)’”’ 2

P(x, £)=

242 r AT+ iwgt \ 1 +iopt
(x— xo)z ) ( X—Xg )
X exp| - H,., (A3)
p( 2r3(1 +iw 1) ron/ 1+ wat
and
1 1 (x—xo)* ) 2( X~ Xo )
¥(x, H*= ex (— H
X0 0= g raf1rant T\ BltaiD) "\rp /it ahP
= U?n (rcffs (x —xﬁ)/rcﬂ')) ' (A4)

Therefore, we can stress that after switching off the magnetic field the particle
remains in the state with the same number »2. The centre of magnetic oscillations x, is
also conserved. The magnetic radius, however, is now time-dependent {for convenience,
below we have denoted the values of the magnetic field, magnetic radius and cyclotron
frequency before switching as By, rq and @y, respectively}:

rerr (D) =rou/ 1 + @3F. (A5)

It follows from equation (AS5) that the ‘instantaneous’ value of the ‘effective’ mag-
netic field is

B ()= By/(1 + ). (A6)

In some sense, we can say that although the magnetic field B, suddenly vanishes at
t=0, the parabolic potential well formed by it, does not disappear, but becomes more
and more gently sloping, according to equation (A6), with the centre of the well being
unchanged. This in a natural way explains the fact that after the subsequent switching
on of the field at =T, transitions are possible only between states with the same parity
{1].

Thus, after the sudden switching off of the magnetic field at /=0 one can calculate
the probability of finding a particle at the point x at time ¢> 0, using the usual expres-
sions for the wavefunctions v,, in a uniform magnetic field (equation (6)) with the
‘effective’ magpetic field and magnetic radius given by equations (A6) and (AS5).

t We want to point out a further two errors in [9]; namely, equations (2.2¢.3.12) and (2.20.5.2) are wrong,.
The correct forms of these integrals may be found from the corresponding equations in [11, 12].
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